Abstract. The spectral problem of the three-dimensional manifolds M 3 A admitting Sol-geometry in Thurston's sense is investigated. Topologically M 3 A are the torus bundles over a circle with a hyperbolic glueing map A. The eigenfunctions of the corresponding Laplace-Beltrami operators are described in terms of the modified Mathieu functions. It is shown that the multiplicities of the eigenvalues do not depend on the parameters in the metric and are directly related to the number of representations of an integer by a given indefinite binary quadratic form. The quantum monodromy phenomenon for the corresponding quantum system is discussed.
Introduction
It has been known since the nineteenth century that in dimension two there is a close relationship between geometry and topology. Namely each compact orientable surface admits a metric of constant curvature: positive if it is a topological sphere, zero if it is a torus and negative if it has genus more than 1.
In dimension three the situation is much more sophisticated. The major development here was due to Thurston [1] who put forward the famous Geometrisation Conjecture: any compact orientable 3-manifold can be cut by disjoint embedded 2-spheres and tori into pieces, which after glueing 3-balls to all boundary spheres, admit one of the special 8 geometric structures. These special 3-dimensional geometries are the standard Euclidean E 3 , spherical S 3 and hyperbolic H 3 geometries, the product geometries S 2 × R and H 2 × R and three geometries related to the Lie groups SL 2 (R), N il and Sol.
The last group Sol is the 3-dimensional solvable Lie group, which is isomorphic to the group of isometries of Minkowski 2-space. The corresponding metric has the least symmetry of all the 8 geometries as the identity component of the stabiliser of a point is trivial.
The structure of 3-manifolds admitting any of the seven geometries excluding the most complicated hyperbolic case H 3 is pretty well understood. In particular a 3-manifold M possesses Sol-geometric structure if and only if M is finitely covered by a torus bundle over S 1 with hyperbolic gluing map. For all other 6 geometries M must be a Seifert fibre space (see e.g. [2] ), so the Sol-manifolds play a special role here being in a way next to the most difficult hyperbolic case.
From the dynamical point of view their special role became clear after a recent paper [3] by Taimanov and one of the authors. They showed the surprising fact that although the geodesic flow on Sol-manifolds is integrable in the sense of Liouville (but not in the analytic category) it has non-zero topological entropy ! In the present paper we investigate the quantum version of the geodesic flow on Sol-manifolds, which is the spectral problem for the corresponding LaplaceBeltrami operator ∆. We describe the spectra explicitly in terms of the spectrum of the modified Mathieu equation. These spectra are degenerate and have very interesting arithmetic. The multiplicities are directly related to the numbers of representations of a given integer by an indefinite binary quadratic form determined by the corresponding hyperbolic glueing map. Its calculation is a classical problem of number theory going back to Gauss, who investigated the positive definite case of the sum of two squares.
We should note that the Sol-structure on Sol-manifolds is not unique in the same way as the flat structure on a torus is. The spectra of tori are very sensitive to a change of the flat metric: if we change the periods slightly the degeneracy will essentially disappear. The fact that this does not happen with Sol-manifolds seems to be remarkable and shows the rigidity of the spectra, which is a reflection of the hyperbolicity hidden inside the topology of Sol-manifolds.
Another interesting phenomenon which naturally appears in this context is the so-called quantum monodromy (see [4, 5, 6] ). In our case it has pure topological origin and can be clearly visualised (see fig. 5 
below).
We should mention that the topology of Sol-manifolds was discussed in relation with the so-called Hilbert modular surfaces by Hirzebruch [7] and by Atiyah, Donnelly and Singer [8] . They discovered a remarkable relation between topological signature defects of these manifolds and the arithmetical L-functions related to the corresponding hyperbolic gluing maps.
The structure of the paper is following. First we introduce the class of the Solmanifolds and describe the classical geodesic dynamics. The topological glueing map appears in this context as the classical Hamiltonian monodromy. Then we review the standard facts from the classical number theory about the relations between binary quadratic forms and hyperbolic torus automorphisms. In section 4 we consider the spectral problem for the corresponding Laplace-Beltrami operator and find the eigenfunctions in terms of the modified Mathieu functions. The arithmetic of the multiplicities of the eigenvalues and the quantum monodromy are discussed in sections 5 and 6.
Sol-manifolds
By Sol-manifolds we will mean 3-dimensional manifolds, which are the torus T 2 bundles over a circle S 1 with hyperbolic gluing maps. More precisely, consider the action of Z onM 3 = T 2 × R generated by the following transformation T A . Let (x, y) be standard periodic coordinates on T 2 defined modulo 1, and z ∈ (−∞, +∞) be a coordinate on R. Then in these coordinates the transformation T A is given by 
(and, of course, under the translations by the elements of the lattice Γ). The same property must be satisfied for any smooth function on T * M 3 A , in particular, for the first integrals of the geodesic flow.
Since H depends neither on u, nor on v, the corresponding momenta p u and p v are local first integrals of the geodesic flow. However, being not invariant under (4), they are not well defined on the cotangent bundle T * M
3
A . That is why, to get global first integrals, we need to replace p u , p v by two smooth functions
or, speaking in more general terms, by the invariants of the Z-action on the cotangent plane generated by the hyperbolic linear transformation A −1 ). One invariant function is evident: Q = p u p v . To find another one we introduce the following expression which will be useful also in the future
Under the transformation (4) α changes in a very simple way:
Thus, as a second integral we can take any function of α with period 1, for instance, cos(2πα) or sin(2πα). However these functions are not smooth at p u = p v = 0. To avoid this difficulty and to get the first integrals in a more symmetric form we put:
, where
The fact that the second integral is not analytic is not accidental: the theorem proved by Taimanov [9] implies that Sol-manifolds do not admit integrable geodesic flows with analytic integrals (see [3] for more details).
We are going to show now that one can see the topological structure of the Solmanifolds by looking at the Hamiltonian monodromy of the geodesic flow. For that we will have to investigate the bifurcation diagram (i.e. the set of critical values) of the momentum mapping restricted to the isoenergy surface E
Proposition 1. The bifurcation diagram of the momentum mapping F A consists of two circles
where 
and z = −α, u and v are arbitrary,
Proof. We are interested in the singularities of F A or, which is the same, those of the Liouville foliation. These singularities can be of two types. To explain their nature we first consider the geodesic flow on the covering manifoldM 3 . On this (non-compact) manifold the integrals of the flow are simply p u and p v . Consider the Liouville foliation for this covering system. Its singular leaves correspond to the critical points of the momentum mapping 
The first equation gives Now solving this system with respect p u and p v (after substituting z = −α), we find four distinct solutions:
Thus, for each value of α we obtain four 2-dimensional invariant tori in T * M
A . All of them are diffeomorphically projected onto the same
It is easy to verify that for each family L i the value of Q = p u p v is constant and equal to Q *
for L 3 and L 4 . Hence the image of L 1 and L 2 is the circle f
, and analogously the image of L 3 and L 4 is the other circle f
The singularities of the second type come from those of the mapping (p u , p v ) → (f 1 , f 2 ). It can be easily seen that the critical points of this mapping are defined by the equation Q = p u p v = 0. This implies immediately f 1 = f 2 = 0 which gives a single point on the bifurcation diagram, namely the centre of the circles.
Notice that topologically the subset
where K is a graph that consists of two vertices and four segments connecting them (see fig. 1 ). This follows immediately from the parallelizability of M 3 A and a simple observation that in each cotangent space the conditions p u p v = 0, H = 1 define a graph homeomorphic to K. Now we are able to describe the global structure of the foliation of the isoenergy surface E
5
A into Liouville tori. If we remove the singular set from the isoenergy surface we obtain four families of 3-dimensional Liouville tori distinguished from each other by signs of p u and p v :
The families a) and b) are isomorphic (more precisely, they transform into each other by the globally defined automorphism of the geodesic flow (u, v, z, p u 
The same is true for the families c) and d). Each Liouville 3-torus is uniquely determined by the values of two integrals Q and α mod 1, where the values of Q form the interval (0, Q * + ) in the first two cases and (Q * − , 0) for the other two cases. In particular, in each of the cases, the base of the T 3 -foliation is homeomorphic to a punctured disc. As Q → 0, the Liouville torus approaches the singular set N . As Q → Q * ± , the torus shrinks into one of the degenerate 2-tori described above.
Thus, the base of the global Liouville foliation on E 5 A = {H = 1} can be considered as four discs glued together at their centres. The interior points of these discs one-to-one correspond to regular 3-dimensional Liouville tori, the boundary circles of the discs correspond to the families L i of degenerate 2-tori, and finally, the common center of the discs corresponds to the singular set N .
The image of each family under the momentum map is a 2-disc with the center removed. This is exactly the situation when we can talk about the Hamiltonian monodromy.
Theorem 1. For each family of Liouville 3-tori there exist a basis of cycles in which the Hamiltonian monodromy has the matrix
Proof. This fact can be observed in many different ways. We shall follows the definition of Hamiltonian monodromy and will explicitely compute the deformation of Liouville tori and the final gluing map.
Consider an arbitrary Liouville 3-torus
. In coordinates, this torus is given by three conditions:
More precisely, these conditions define a disjoint union of two or four tori, which differ from each other by the signs of the momenta p u and p v . We consider one of them T 3 Q0,α0 by putting for definiteness p u > 0, p v > 0. For our purposes first we need to explain why the above conditions define indeed a three-dimensional torus and to describe the basic cycles on this torus. Notice that the common level set (7) of the first integrals can be regarded from two slightly different points of view: as a subset in T * M 3 and that in T * M
3
A . However one can show that the natural projection
A restricted to this level set is a diffeomorphism (no points are glued between them). Thus, in fact there is no real difference between these two points of view. In particular, instead of conditions p u p v = Q 0 , α(p u , p v ) = α 0 mod 1 we may simply assume that the momenta p u , p v themselves are constant. Then the conditions (7) can be rewritten as: p u = const , p v = const , u and v are arbitrary, and
We see that the variables separate and the fact that this systems defines a 3-torus becomes evident. Indeed, the variables u, v "run" over a two-dimensional torus and the last equation defines a simple closed curve on the plane R 2 (z, p z ). In other words, we have a natural splitting of T
into the direct product T 2 × S 1 . Thus, as basic cycles on T 3 Q0,α0 we can take the cycles on T 2 (u, v) related to the original coordinate system (x, y) (see above) and the third cycle defined by (8) . Now let us look at what happens to this torus if we change the parameters Q 0 and α 0 in such a way that the point F A (T 3 Q0,α0 ) moves inside the image of the momentum mapping around the singular point F A (N ) = (0, 0). It is easy to see that this deformation just means that we change the value of α, while Q remains constant:
. Consider the family of mappings
It is not hard to see that the image of
and φ t :
is a difeomorphism. In other words, φ t defines the deformation of Liouville tori we need.
At the moment t = 1 the torus comes back to the initial position, i.e., T
, and we obtain the monodromy map
Now our goal is to describe the corresponding automorphism of the first homology group:
Using the identification (4) we see that the map φ t can be rewritten as follows:
We see that the only transformation is related to the variables u and v. Moreover, this transformation is exactly the original hyperbolic automorphism A :
we conclude immediately that the monodromy matrix in the chosen basis is
We conclude this section with the discussion of the geodesics on Sol-manifolds. They have different properties depending on the types of leaves of the Liouville foliation which they belong to.
First consider the geodesics lying on Liouville tori of dimension three. They are characterized by the property that all momenta p u , p v and p z differ from zero.
More precisely, the signs p u and p v always remain the same, whereas the sign of p z changes. This happens when z reaches the value
Two levels z = z + and z = z − are exactly the caustics of the Liouville tori that contains a given geodesic. (This situation is quite similar to that we can see on a surface of revolution where the motion takes place between two levels of z.)
It is easy to see that the distance between these levels z + − z − tends to infinity as p u p v tends to zero. From this it follows that the corresponding geodesics rotate many times (along the base S 1 ), then turn back, after this go in the opposite direction, then turn back and so on. As p u p v tends to zero the number of rotations in one direction until turning back (or, which is the same, between two caustics) increases up to infinity.
If p u p v = 0, then we are on the singular level. The corresponding geodesics have the following behaviour. If both p u and p v vanish, then we obtain the family
Such geodesics obviously form an invariant submanifold N + in T * M which is diffeomorphic to M . Exactly on this submanifold the geodesic flow is chaotic and has positive entropy. Indeed, the time-one map transform each fiber T 2 z into itself by means of the hyperbolic automorphism A. As well known, the entropy of A :
There is another invariant submanifold N − with the same properties formed by vertical geodesics going in the opposite direction:
From the viewpoint of the ambient geodesic flow N + and N − are hyperbolic invariant subsets. The stable manifold coresponding to N + is given by p v = 0, the unstable one is p u = 0. For N − the stable and unstable manifolds interchange. The geodesics satisfying the condition p v = 0 as t → +∞ asymptocally approaches N + , in particular, p z → +1. But there is t = t 0 when p z changes sign so that for t → −∞ the geodesic approaches to N − . The geodesics satisfying p u = 0 behave in the opposite way.
In slightly other terms this structure can be described as follows: there are two hyperbolic submanifolds diffeomorfic to M 3 A , they are connected by 4 fourdimensional separatrices, see fig. 1 To discuss the quantum case we will need some facts from the elementary number theory, which we present in the next section.
SL(2, Z) and binary quadratic forms
The content of this section is well-known (see e.g. [12, 13, 14] ).
Let A = a 11 a 12 a 21 a 22 ∈ SL(2, Z) be an integer hyperbolic matrix. Hyperbolicity as before means that its eigenvalues are real and distinct. We would like to consider A as the automorphism of the lattice L = Z ⊕ Z ∈ R 2 by choosing some basis e 1 , e 2 in this lattice.
For any such A we can define the following integer binary quadratic form Q A by the formula: 
Then the group of automorphs consists of matrices of the form Let us call a hyperbolic element A from SL(2, Z) primitive if it can not be represented as a power of any other element from SL(2, Z).
−cY aY
Thus we have described a natural correspondence between the primitive binary indefinite forms Q and primitive elements A from SL(2, Z). In particular, it helps us to answer the question if a given integer unimodular matrix A is a primitive or if not which power of a primitive matrix it is.
Spectrum and eigenfunctions of the Laplace-Beltrami operator
Let us discuss now the quantum geodesic problem on the Sol-manifold M A is induced by the Riemannian metric (3). In both (x, y, z) and (u, v, z) coordinate systems the corresponding measure dµ is proportional to the standard Lebesgue measure on R 3 . Let us look for the eigenfunctions of ∆ of the following form
where γ is an element of the dual lattice Γ * corresponding to T 2 -fibers and w = (u, v) (so the scalar product (γ, w) is defined modulo Z).
By substituting into (6) we get
where Q(γ) = (γ, e u )(γ, e v ) is a quadratic form on the lattice Γ * , and
Here e u and e v are the eigenvectors of A related to the eigenvalues λ and λ
respectively and the basis e u , e v is assumed to be positively oriented. Notice that α is the same as before in (5) 
From these calculations and from the equalities E
2 cQ A * (γ) and α(γ) is given above. The eigenvalues E and E are related by the shift:
. . be the spectrum of the corresponding modified Mathieu operator (17) and f |ν|,k (z) be the corresponding eigenfunctions known also as modified Mathieu functions (see [16, 17] ). The first 10 states are shown in fig. 2 . We should mention that the corresponding functions appear also in the theory of Coulomb spheroidal functions [10] , where one can find some related numerical results (see also [11] ).
Thus, to each element γ of the dual lattice Γ * we associate the functions Ψ γ,k (u, v, z) = e 2πi(γ,w) f |ν(γ)|,k (z). The problem with these functions is that they are well defined on the covering spaceM 3 = T 2 × R but not on the Sol-manifold M
3
A itself because they are not invariant with respect to the transformation (1), (2) . One can try to construct the genuine eigenfunctions of ∆ on M
A by averaging these functions with respect to the action of Z onM 3 generated by this transformation. It turns out that the averaging procedure works.
To show this let us consider instead of Ψ γ,k (u, v, z) the following sum
Because of the fast decay of the eigenfunctions f ν,k (z) this sum is absolutely convergent. It is easy to see that it defines a well-defined function on M
A , which is an eigenfunction of the Laplace-Beltrami operator ∆.
The eigenfunctions
A actually depend only on the orbits [γ] = {A * n (γ)} n∈Z with respect to the action of
. We should also consider separately the eigenfunctions related to γ = 0. It is easy to see that the corresponding eigenfunctions have the very simple form (20) Φ 0,s = 1, cos 2πz, sin 2πz, cos 4πz, sin 4πz, . . . , cos 2kπz, sin 2kπz, . . .
Theorem 2. The eigenfunctions of the Laplace-Beltrami operator
Proof. The independence and orthogonality of these functions are obvious. The only thing we have to verify is the completeness. To prove this we need to show that any smooth function Φ : M 3 A → R which is orthogonal to each eigenfunction from the list is, in fact, zero.
Consider such a function Φ(w, z) on the covering spaceM 3 and expand it as a Fourier series (with respect to w):
with some smooth coefficients a γ (z), z ∈ R.
Lemma 1. For all γ = 0 the functions a γ (z) have fast decay at infinity and thus belong to L 2 (R).
Proof. Since Φ is invariant with respect to the transformation (1), we have Φ(w, z) = Φ(Aw, z + 1). Hence Thus the Fourier coefficients satisfy the following property:
or, more generally,
Since the Fourier coefficients a γ of a smooth function decay fast for large γ and A * k γ for γ = 0 tends to infinity we see that the functions a γ (z) decays very fast and thus belongs to L 2 (R). Now suppose that Φ(w, z) is orthogonal to the eigenfunction γ0,k (u, v, z) . Since the measure on M
3
A is proportional to the standard Lebesgue measure dudvdz we have
Thus, the Fourier coefficients a γ0 (z) for γ 0 = 0 belong to L 2 (R) and at the same time are orthogonal to all the functions f γ0,k (z) which form a complete basis in L 2 (R). Hence for γ 0 = 0 the coefficients a γ0 (z) ≡ 0. This means that the function Φ must be of the form Φ(w, z) = a(z), where a(z) is periodic with period 1. Now using orthogonality to the functions (20) we conclude that a(z) must be identically zero.
Corollary 1. The spectrum of the Laplace-Beltrami operator on the Sol-manifolds consists of two parts: the trivial part
E = E k = 4k 2 π 2 , k = 0, 1, . . .
corresponding to the eigenfunctions (20) and the non-trivial part
E = E l,[γ] = E l (|ν([γ])|) + ν([γ]) cos θ, l = 1, 2 . . . , [γ] ∈ Γ * {0}/A *
related to the modified Mathieu equation (17).
The multiplicities of the trivial eigenvalues are 2 except for the ground state E = 0 which has multiplicity 1. The multiplicities of the non-trivial part of the spectrum are much more interesting and the answer depends on the arithmetical properties of the glueing map A. We discuss this in the next section.
Multiplicities of the eigenvalues and number theory
It is easy to see that the eigenvalue of Φ [γ],k (u, v, z) depends on γ only via Q A * (γ). Thus the calculation of the multiplicity (for generic values of the parameters to avoid additional accidental coincidences) is reduced to the classical number theoretic problem of finding the number N Q (n) of integer solutions of the equation Q(x, y) = ax 2 + bxy + cy 2 = n for a primitive indefinite quadratic form Q different modulo its automorphs. In general it is not possible to give a good formula for N Q (n) but sometimes it is possible.
To be more precise we need the following notion. We say that two forms Q and Q are equivalent if there exists a transformation from SL(2, Z) mapping one into another. It is easy to see that two equivalent forms must have the same discriminant
The converse is not true: there can be more than one non-equivalent forms with the same discriminant.
Let h(d) be the number of classes of primitive forms with discriminant d. Note that the discriminant d should be either 0 or 1 modulo 4 and we assume as usual that it is not a total square.
Remark. One should distinguish h(d) and the class number of ideals in the quadratic number field Q( √ d). They coincide only if the so-called negative Pell's equation
has a solution; otherwise h(d) is twice bigger (see e.g. [15] , Chapter 16). The last property can be reformulated in terms of the period of the continued fraction expansion of √ d, but a more explicit description is unknown. We will say that the discriminant d is good if it has class number h(d) = 1. This means that all forms with the discriminant d are equivalent. In that case one can obtain the following remarkable formula for the number N Q (n) when n is positive and coprime with d:
where the sum is taken over all divisors of n and Here is the list of the good square-free discriminants up to 100 borrowed from [15] (see Table II (see [15] ). Now we are ready to describe the multiplicities of the eigenvalues E l, [γ] . First we should take into account that the glueing map A ∈ SL (2, Z) (21) to compute the multiplicity of the corresponding E l, [γ] . One can check that this leads to the formula m = 2(N ±1 (n) − N ±2 (n)), where N ±1 (n) and N ±2 (n) are the numbers of divisors of n = Q A (γ) which have respectively the residues ±1 and ±2 modulo 5.
This example shows that the multiplicities of the eigenvalues can be as big as we like: for example for n = 11 M the multiplicity is M + 1. For the standard positive quadratic form Q 0 = x 2 + y 2 the classical result due to E. Landau says that the number of integers up to a number K represented by this form grows as
, which implies that the average multiplicity grows as √ log K. It looks like the same must be true for the indefinite forms as well but we were not able to find this in the literature. The fact that the multiplicities are large and not sensitive to the change of the parameters in the metric seems to be remarkable. A possible explanation of the rigidity of the multiplicities for the Sol-manifolds is in the hyperbolicity hidden in the topology of the manifolds.
It is interesting to compare this with the spectra of the tori T 2 . It is easy to see that the answer will depend drastically on the metric parameters (or equivalently, on the geometry of the basic parallelogram). For example if it is a square then the spectrum up to a multiple is given by the values of the standard quadratic form n = x 2 + y 2 , and the multiplicity are given by the Gauss' famous formula m = 4(N 1 (n) − N 3 (n)), where N 1 (n) and N 3 (n) are the numbers of the divisors of n with the residues 1 and 3 modulo 4 respectively. If however the basic parallelogram is generic then all multiplicities are 2 (which is due to the central symmetry of the problem). 
Quantum monodromy
In view of the previous results the appearance of quantum monodromy in our problem is quite natural. However there is a problem with this notion in our case which we want to discuss first.
As it was shown in [3] the geodesic flow on Sol-manifolds can not have three analytic integrals (see Section 3 above). A similar fact holds in the quantum case. Namely, one can show that the algebra of the differential operators on the Solmanifold M
3
A commuting with the Laplace-Beltrami operator ∆ (15) is generated by ∆ andQ = ∂ ∂u ∂ ∂v ). This means that our quantum problem does not have enough quantum integrals, at least in the class of the differential operators and therefore it is not clear if we can apply the rigorous treatment of quantum monodromy from [6] .
So in this section we will treat the quantum monodromy on Sol-manifolds on the intuitive level paying more attention to geometry rather than analysis. As we have already shown, the set of eigenfunctions is in a natural one-to-one correspondence with
The fundamental domain of A * is shown in fig. 3 . It is natural to represent the orbit space as a lattice on the cone obtained by gluing the edges of the fundamental domain of A * on the plane (more precisely we should consider four different cones corresponding exactly to four families of Liouville tori).
Quantum monodromy arises when we pass around the vertex of the cone. It is clear that the basis of the lattice will undergo the transformation A. On the other hand, nothing happens to the third direction corresponding to the parameter k. Therefore the quantum monodromy for the Sol-manifold M We want to emphasize that in this case the quantum monodromy has a purely topological nature. It is determined by the topology of the underlying manifold, and not by properties of the metric. It does not depend on the parameters E, G, F , moreover the monodromy remains the same for all metrics of the form
where ds 2 z is a flat metric on fibers T 2 z with coefficients depending on z. In the previously known examples (like geodesic flow on the 3-dimensional ellipsoid of revolution) the metric g played the principal role.
On the figures 4, 5, and 6 we demonstrate the quantum monodromy of Solmanifold M To make the image of the lattice uniform we have slightly modified the classical integrals f 1 , f 2 from the section 3 as follows: fig. 5 . Fig. 4 illustrates that away from the origin the lattice is simply a deformed standard lattice.
A nice property of the map (p u , p v ) → (F 1 , F 2 ) is that it changes the area simply by a constant multiple: it is easy to check that dF 1 ∧ dF 2 = π ln λ dp u ∧ dp v .
We should note also that the freedom of the rescaling of the eigenvectors e u , e v leads simply to a rotation of the plane (F 1 , F 2 ) . When a fundamental cell is chosen in the Sol-flower as indicated in grey in fig. 6 the monodromy can be observed as follows. fig. 6 by e 1 , and the one on the right part by e 2 . The preimages of these basis vectors in fig. 3 are −(2e x + e y ) and −(e x + e y ). Parallel transporting e 1 clockwise by increasing j gives e 1 + e 2 (determining the second row of A), while parallel transporting e 2 counterclockwise by decreasing j gives −e 1 + e 2 (determining the first row of A −1 ). Since A ∈ SL(2, Z) this determines the cat-map.
Concluding remarks
The Sol-geometry has a special property from dynamical point of view being on the border between integrability and chaos. Integrability is reflected in the solvability of the corresponding group while the chaos is related to a hidden (partial) hyperbolicity. This makes the Sol-case of particular interest and explains why the geodesic problem on the Sol-manifolds has both integrable and chaotic features. As we have seen the quantum case gives new interesting twist to the story by bringing the arithmetic into play.
We should mention that a close relation between arithmetic and topology of Sol-manifolds was first discovered by Hirzebruch [7] . The further development in the fundamental paper by Atiyah, Donelly and Singer [8] was partly based on the calculations which are very close to our calculations in the Section 5. They actually considered a more general case of the torus T n+1 fibres over T n . It is clear that much of our analysis can be done in that case as well. The quantum Toda lattice Hamiltonian will appear then as a generalisation of the modified Mathieu operator. Some very interesting results in the corresponding classical problem were found recently by Leo Butler in [18] .
It would be also interesting to compare our results with some conjectures about the spectra of integrable/chaotic systems known in the theory of quantum chaos (see [19, 20] ) and with the theory of spectral asymptotics (see [21] ).
